Correlated photon pairs produced by a spontaneous parametric down conversion (SPDC) process can be used for secure quantum communication over long distances including free space transmission over a link through turbulent atmosphere. We experimentally investigate the possibility to utilize the intrinsic strong correlation between the pump and output photon spatial modes to mitigate the negative targeting effects of atmospheric beam wander. Our approach is based on a demonstration observing the deflection of the beam on a spatially resolved array of single photon avalanche diodes (SPAD-array).
I. INTRODUCTION
Single photons generated in the process of spontaneous parametric down conversion (SPDC) can provide information carriers suitable for secure quantum communication. Currently, there is a large field of interest in performing quantum communication over long distance free space links [1] [2] [3] . Quantum communication protocols only use the signals that are collected by the receiver and, therefore, the system is not as negatively affected by occasional link drop outs as classical communication protocols. In order to collect as many photons as possible at the receiver it is necessary to have a mechanism to guide the photons to the receiver. Using traditional adaptive optics [4, 5] , the transmission beam can be manipulated in such a way that the effects of atmospheric turbulence can be mitigated. However, due to the sensitivity of the quantum degree of freedom of the photon used in free space transmission (in many cases polarization), these methods can easily alter the state and render the transmission useless. These techniques also add additional loss to the quantum transmission channel, which reduces the amount of photons the receiver can gather.
Spontaneous parametric down conversion [6] has strong correlations between the directions of the pump and daughter photons due to the phase matching conditions. By manipulating the spatial properties of the pump beam, one can change the spatial modes of the down converted photons without affecting their polarization or other properties. Therefore, by manipulating the pump beam, potentially with tip-tilt mirrors or other means, it is possible to enhance a link quality by altering the directions of transmitted daughter photon without direct interaction in the quantum transmission channel. In a quantum communication scheme it is beneficial to manipulate the pump beam since the pump can have a narrow bandwidth (unlike the SPDC photons) and can handle transmission losses more easily than the SPDC photons. These correlations, which are an important feature for the quality of transmission in free space, have already been studied in the context of aberration cancellation [7, 8] . Spatial correlations [9] have already been investigated using a scanning [10] and scanning free space detector [11] [12] [13] [14] and intensified CCD cameras [15, 16] .
To test the effect of spatial correlations between the pump and the SPDC photons we use an array of single photon avalanche diodes (SPAD) [17] [18] [19] [20] [21] , which offer temporal and spatial resolution on a single photon level. Here we investigate the possibility of controlling the spatial characteristics of one of the photons produced from SPDC by altering the direction of the pump beam (ultimately to be modified by means of tip-tilt correction).
II. SPATIAL CORRELATIONS IN SPDC
At this point we would like to characterize the spatial correlations in SPDC. We have altered a common SPDC setup to allow for the pump entry direction into a nonlinear crystal to be manipulated. The resulting photons propagate in the free space and the signal photon is analyzed using a SPAD array and the idler photon is coupled into multimode fiber.
The first goal is to find an approximate analytical condition for the strength of spatial correlation in the parametric down conversion process. The probability amplitude of the signal (idler) photon propagating in a direction parametrized by k k k s⊥ (k k k i⊥ ), assuming the pump photon central propagation direction was k k k p⊥ , can be found using the framework given in Ref. [22, 23] :
Where N is a normalization factor, ω s ,ω i , ω p are signal, idler and pump angular frequencies, Λ(ω i ) represents a bandpass interference filter transmission amplitude, and the third component describes a pump beam spatial profile that we assumed to be Gaussian with the characteristic width w p . The last term is a phase matching function, where a phase mismatch is defined as:
and L is the length of the crystal. In order to arrive at an analytical solution, we expand the phase mismatch, ∆k z (k k k s⊥ , k k k i⊥ , k k k p⊥ ; ω s , ω i , ω p ), up to first order in the signal and idler photon's transverse wavevectors around the directions k k k s0⊥ , k k k i0⊥ and frequencies around ω p /2. The directions and frequency are determined by the perfect phase matching condition ∆k z (k k k s0⊥ , k k k i0⊥ , k k k p⊥ ; ω p /2, ω p /2, ω p ) = 0 and are related to our experimental setup as visualized in the inset in Fig. 1 . Note that the pump photon central direction k k k p⊥ and its central frequency ω p are fixed, therefore k k k p⊥ = k k k s0⊥ + k k k i0⊥ . The expansion yields:
where for the sake of compact notation we introduce two dimensional vectors [22] :
and we denote the coefficients related to the dispersion as:
The above approximation is legitimate as we are interested only in paraxial propagation and will use bandpass filters. We assumed a continuous wave pumping laser of fixed angular frequency ω p , which allows the parametrization of the wave function with only one frequency, ω i , chosen to be the idler photon since ω p = ω s + ω i . This expansion in conjunction with the Gaussian approximation of the sinc function given by: sinc x ≈ exp(−x 2 /5), allows one to get the biphoton wave function in the following form:
The aim is to characterize the correlation between the signal photon and the pump beam keeping the idler photon direction fixed. In this work we only consider a linear, one dimensional detector aligned along the x axis, therefore we can drop y coordinates in our analysis. The scenario is depicted in Fig. 1 . We are interested in the coincidence probability distribution P (k sx ) of a signal photon detection for the transverse direction, k sx , and the idler photon coupled into multimode fiber. The fiber is placed along the direction of perfect phase matching in the case where the pump photon is at normal incidence to the nonlinear crystal, which is k k k p⊥ = 0. We also take into account the finite size of our SPAD array detectors, which results in a certain range of directions δk that each of the pixels monitor. The above observations allow us to write a formula for the probability of finding the signal photon in a direction k sx given the detection of the idler photon:
Using Eq. (5) we evaluate the above probability function in analytical form. It is rather long so we don't present it here, it can be found in Ref. [24] . The next step is to obtain the relation between the position of the SPAD array detector, x, and the propagation direction parametrized by the transverse spatial direction k sx . We assume that the SPAD array is placed at the position close to the perfect focal plane of the lens. Let's assume the signal photon travels toward the SPAD array and has a transverse spatial wave function, ψ(x), at position z propagating along the z axis. The photon propagates in free space for a distance p, then through lens L3 with focal length f and then is analyzed at a distance q after the lens L3. The standard paraxial Fresnel propagation results in the following relation between the Fourier transform of the initial wave function,ψ in (k x ), and the final one, ψ out (x):
where 1/D = 1/f − 1/p − 1/q, λ is the wavelength of the propagating photon. Let's consider the spatial wave function, which is a Gaussian centered around the direction k sx0 :
where 2w s is the beam's diameter at 13.5% of maximal intensity, k sx0 the x component of central propagation direction and N is a normalization factor. After the propagation as in Eq. (7) one can get the following relations for the position of the maximum, x 0 , and the beam radius, w out :
The first equation gives a mapping between the central propagation direction of the Gaussian beam and actual position of the maximum of the Gaussian profile measured by the SPAD array. The last equation gives the relations of the beam inside the nonlinear crystal and the width measured by the SPAD array. Assuming the SPAD array is placed perfectly in the focal plane of the lens, meaning p = f , it is easy to find that the ratio of positions of the maxima
is inversely proportional to the ratio of beam diameters w out /w (f ) out . The superscript f here denotes the case of perfect alignment. This relation can be used to compare our numerical model with the experimental results.
Taking into account the parameters of our experimental setup, using our model Eq. (6) we expect the characteristic width of the signal photon to be w s = 1432(3)µm. Moreover the central direction α s0 of the signal photon follows a linear model given by α s0 = 3.00000(9) + 2.0109(14)α p , where α s0 and α p are measured in degrees.
III. EXPERIMENT
The experimental setup depicted in Fig. 1 is based on a SPDC source using a 1 mm long β-Barium Borate (BBO) cut at 42 • for type II frequency degenerate phase matching at λ 0 = 808 nm with opening angle α s = α i = 3 • when the pump is set for normal incidence α p = 0 • . A pump beam is focused in the nonlinear crystal and we alter its propagation direction angle α p at the crystal by rotating a 1 cm thick piece of NBK7 glass placed in the beam path. The pump beam actual direction α p is analyzed using a system consisting of a lens (L2) placed at the focal distance away from the BBO crystal and a CCD camera.
An idler photon is collimated and spectrally filtered by passing through a 10 nm FWHM bandpass filter centred at 808 nm which is incorporated in our model by function Λ(ω i ). It is then coupled into a fiber and finally it is detected by a single photon counting module (SPCM). The fiber is SMF-28e+, which supports seven modes at 808 nm.
In turn, a signal photon is collimated upon exiting the BBO crystal, passes through a longpass filter (LP) and then is focused horizontally to match the size of the single photon avalanche diode (SPAD) array. We use 32 x 1 pixel SPAD array [18] , which allows us to determine the arrival position of the signal photons and correlate them with detection of the idler photon by SPCM. The array consists of 20µm diameter detectors spaced 100µm from each other. Each detector monitors a direction related to angle α s which is related to a certain transverse wave vector x component k sx = 2π sin(α s )/λ 0 . The finite size, d, of each of the SPADs results in monitoring a certain range of directions related to δk = 2πd/λ 0 f , see Eq. (6). This allows us to determine the central output angle which the signal photons were emitted at given a fixed idler emission. The photon detections from the SPAD array and SPCM are then recorded and analyzed in a FPGA time tagging unit.
We measure the photon detection coincidences between the fiber collected idler photon and each of the pixels of the SPAD array detecting the correlated signal photons. In order to maximize the signal to noise ratio we set the coincidence time window at 2 ns, which is chosen to match the combined effect of detectors' timing jitters and resolution of our electronics. We performed 9 measurements changing the pump beam direction in the range of −0. of counts were observed, which gives an estimate of the central propagation direction α s0 of a signal photon and b) the widths of the beams. The estimated, based on measurements, signal photon propagation direction is depicted using blue markers in Fig. 2a . The red line presents the theoretical prediction from the model. The blue dashed line represents a linear fit to the experimental data. It is noted that the theory differs from the experimental observation somewhat as the pump beam input angle, α p , is varied. The best fit to the experimental data gives: α s0 = 3.003(2) + 1.56(4)α p . The difference of the slopes for the numerical model and experimental data is attributed to the specific distance between the lens and the SPAD array, which is different from the focal • . The blue solid line shows the best fit with a Gaussian function. As can be seen in these insets, there is a skipped pixel which was due to very high dark counts on that pixel. The plot shows the maximum from the fit for each set of measurements taken for varying the pump beam central direction α p . The measured (blue dots) and predicted (red line) signal photon's angle α sc as a function of the input pump angle α p . b) Maximum count rates at the gaussian centre of the experimental data for various pump angles. The dashed line demonstrates the coincidence count rate at the pump incident angle of 0
• . The count rate drop at values lower than 2.95
• is an effect of having the cylindrical lens oriented at a slight angle compared to the array. The array is then shifted slightly off the central plane of the signal photons and as the angle continues to shift in this direction the photons are no longer hitting the active area of the SPAD array. length. However, assuming the spatial mode of the propagating photon to be Gaussian, one can predict the width and central propagation direction at each point in the setup.
The measured beam diameters are given in Tab. (I). Taking that into account, we concluded that the characteristic width and the central propagation direction are scaled by the same scaling factor, which depends on the position of the lens L3, Eq. (10). Based on the simulated and measured widths of the beams we estimate the scaling factor to be 1.3 (1) . Using this scaling factor our estimated slope is 1.3(1) * 1.56(4) = 2.2(3). This agrees with the theoretical prediction within the statistical error.
The coincidence count rates should remain constant for small variations in the pump although their position will change. Fig. 2b shows the coincidence count rate observed at the central position on the array as a function of pump input angle to be almost constant, which is expected from our theoretical model. There is a slight drop as the angle decreases below −0.05 • which can be attributed to the cylindrical lens having a slight angle relative to the orientation of the SPAD array and the distance between the SPAD array and lens L3, which differed from the focal length. The result of this angular difference is the photons falling off the active area of the SPAD cells as the angle is shifted towards one direction in the pump.
IV. DISCUSSION
In this work we presented a theoretical model demonstrating the correlations between photons created through the process of SPDC and the pump photon. This model takes into account the spatial correlations when the input angle of the pump beam was manipulated in one spatial dimension and the effect on the down converted photons was calculated. We were able to implement an experiment to measure the spatial position of the down converted photons as a function of the input angle of the pump laser in a SPDC experiment, using a time-resolved SPAD array. Though the theory and experiment differed, the data trend is clearly visible and possible reasons for this difference were also discussed. The results presented here can also be useful for the implementation of multidimensional quantum states encoded in spatial mode [25] of a single photon and can be used to minimize atmospheric beam wander effects on photon transmission through the atmosphere [7, 26] .
